This paper studies the problem of optimal frequency regulation in power networks, represented by a nonlinear structure preserving model, including turbine-governor dynamics. Exploiting an incremental passivity property of the power network, distributed controllers are proposed that regulate the frequency and minimize generation costs, requiring only frequency measurements.
I. Introduction
Maintaining the frequency of the power network close to its nominal value of e.g. 60 Hz is crucial for its reliable operation. An increased penetration of renewable energy sources and technological advances have recently created a renewed interest in this control issue [1] . Traditionally, frequency regulation is achieved by primary proportional control (droop-control) and a secondary PI-control at the different generators in the network, where economic optimality is often neglected. The use of smart grids, computer-based control and communication networks however offer possibilities to realize real-time economic optimization of the costs. In this work we study distributed controllers that lower operational costs, while maintaining a high reliability under unknown changes of the loads.
Literature review. There is a vast amount of recent research on optimal automatic generation control (AGC) and we briefly discuss results that are close to the presented work, without claiming completeness. Distributed and centralized controllers that require the knowledge of frequency deviations at their own bus and its neighboring buses are proposed in [2] , for the linearized version of the swing equation while minimizing a purely quadratic cost function. In [3] a discrete time AGC algorithm is investigated numerically, incorporating generator constraints. Optimal AGC based on primal-dual gradient dynamics is proposed in [4] and [5] , where a suitable optimal
The work of S. Trip power flow problem is solved using primal-dual decomposition. Both papers include first-order turbine-governor dynamics and minimize general convex cost functions. In [4] a linearized model describing interconnected control areas is studied, whereas [5] incorporates a structure preserving model, capacity constraints and nonlinear power flow equations, but is restricted to tree networks. In [6] frequency regulation in a structure preserving power network is analyzed, without turbine-generator dynamics, and asymptotic stability of distributed controllers that minimize a purely quadratic cost function is established with a Lyapunov method. Besides AGC in high voltage transmission networks, there is related work on microgrids, where research shifted from stability analysis of the frequency [7] , towards optimal frequency regulation [8] , [9] , [10] .
Main contributions. The presented work provides notable extensions to our previous results in [11] and [12] , where we studied optimal frequency regulation in the presence of time-varying power demand generated by an exogenous system. This paper contributes to our goal to have a thorough analysis of optimal frequency regulation in a detailed power network coupled with the electricity market as is introduced in [13] . In [12] we have shown how voltage dynamics can be incorporated within the same framework as is presented here. In order to focus on the extensions, we assume here the voltages to be constant. Similar to our previous work, we interpret the frequency regulation problem in power networks as a particular case of more general output agreement problems in (nonlinear) dynamical networks. Assuming constant loads, we establish an incremental passivity property ( [14] ) for a structure preserving model of the power network. This enables us to follow the lines of [15] and [16] , where internal-model-based dynamic controllers have been designed to solve output agreement problems for networks. Based on the theory of passivity and output regulation for networks, the suggested framework appears to be powerful and suitable for extending towards more complete models (see also [12] ). The main purpose of this work is to demonstrate how various results of aforementioned papers in the literature review can be straightforwardly incorporated in our approach. Instead of the network reduced model used in [2] , [4] , [11] and [12] , we use a well known structure preserving model of the power grid [17] , providing a guideline on how more detailed structure preserving models can be incorporated, relying on the same incremental passivity property of the system. Furthermore, we incorporate turbine-governor dynamics in the overall controller, removing the requirement of instantaneous control on the generation, which is assumed in e.g. [2] , [6] , [11] and [12] . The proposed distributed controller only requires frequency measurements, which is in contrast to [4] and [5] , where, based on primal-dual gradient dynamics, additional measurements of the loads or the power flows are required. At steady state the proposed controllers minimize the generation costs, modeled as linear-quadratic functions of the generated power. These functions are the predominant way of representing generation costs [18] , being more realistic than the solely quadratic cost function considered in [2] , [6] and [11] .
The paper is organized as follows. In Section II, we introduce the dynamic model of the power grid, including turbine dynamics and load buses, which we will use throughout the paper. In Section III, we establish an incremental passivity property of the system at hand. In Section IV, we propose a distributed dynamic controller which ensures frequency regulation and achieves economic optimality. In Section V, we test our controllers for an academic case study using simulations. In Section VI, conclusions are given and an outline for future research is provided.
II. System model
Consider a power network consisting of n G generator and n L load buses. Each bus is assumed to be either a generator or a load bus 1 , such that the total number of buses in the network is n = n G + n L . The network is represented by a connected and undirected graph
. . , m} is the set of transmission lines connecting the buses. The network structure can be represented by its corresponding incidence matrix D ∈ R n×m . The ends of edge k are arbitrary labeled with a '+' and a '−'. Then
We adopt the nonlinear structure preserving model of a power network from [17] and model a generator bus i ∈ V G aṡ
1 We differentiate between generator and load buses to make the presentation more concise. The presented results straightforwardly extend to the case where also a load is connected to the generator bus. In this case there is an additional term −P li in the second line of (1). where N i is the set of buses connected to bus i. The generated power P mi is modeled as the output of a firstorder model, describing the turbine-governor dynamics [4] , given by
where u i is an additional control input we design in Section IV. Following [17] , the loads P li are assumed to be frequency dependent and we model a load bus i ∈ V L asδ
An overview of the used symbols is provided in Table  1 . For all nodes the power system (without turbinegovernor dynamics) is written aṡ
where 
In the next section we establish an incremental passivity property of (2), whereas (3) is treated in Section IV as part of the overall controller adjusting the generated power.
III. Incremental passivity of the power network We start this section by characterizing the steady state solution (η, ω) to (2), with constant generation P m = P m . The steady state solution necessary satisfies
In the remainder we assume that a solution to (4) exists.
Assumption 1 For a given P m and P l , there exist η ∈ R(D T ) and ω ∈ N (D T ) such that (4) is satisfied.
The steady state frequency deviation ω satisfying (4) can now be characterized as is done in the following lemma:
Lemma 1 Let Assumption 1 hold, then necessarily ω = 1 n ω * , with
where 1 n ∈ R n is the vector consisting of all ones.
The proof follows from algebraic manipulations of (4). Additionally, we make an assumption on η which is generally satisfied in power networks and is required for the stability analysis later on.
Assumption 2
The steady state differences in voltage angles η satisfy η ∈ ( −π 2 , π 2 ) m . In order to establish an incremental passivity property of system (2), we follow [19] and notice that we can eliminate ω L by exploiting the identity
In this work we are interested in system (6) to be incrementally passive with respect to some (desired) steady state satisfying
We prove this property for system (6) when we consider the power generation P m as the input and the frequency deviations at the generator buses ω G as the output.
Theorem 1 Let Assumptions 1 and 2 hold. System (6) with input P m and output ω G is an output strictly incrementally passive system, with respect to the constant equilibrium (η, ω G ) satisfying (7) . Namely, there exists a storage function U (ω G , ω G , η, η) which satisfies the following incremental dissipation inequalitẏ
whereU represents the directional derivative of U along the solutions to (6) and ρ is a positive definite function.
Proof: Consider the storage function (see [11] )
which proves the claim. Notice that in the second equality above, we exploited identity (7) .
From Theorem 1 it follows immediately that ω, characterized in Lemma 1, is asymptotically stable under the assumption of a constant generation P m = P m . Corollary 1 Let Assumptions 1 and 2 hold and let P m = P m . There exists a neighborhood of initial conditions around the equilibrium (η, ω), such that the solutions to (2) starting from this neighborhood converge asymptotically to the set where ω = ω.
The proof follows similar lines as the proof of Theorem 2 and is omitted here due to space constraints. In this section we have shown that a constant generation P m will generally lead to a nonzero frequency deviation. In the next section we address this issue exploiting the incremental passivity property established earlier.
IV. Economically efficient frequency
regulation Motivated by the previous section we design a dynamic controller adjusting P m such that we obtain a zero frequency deviation at steady state. First we recall that the generated power is the output of the following firstorder model
and that we are only free to design the additional control input u. From Lemma 1 it is clear that the total imbalance 1 T n G P m −1 T n L P l is required to be zero in order to achieve a zero frequency deviation. We can therefore aim at distributing the generated power optimally among the different generators such that the total costs are minimized. The corresponding optimization problem is as follows:
where C i (P mi ) is a strictly convex linear-quadratic cost function associated to generator i, commonly used to describe generation costs [18] . We therefore have that C i (P mi ) = 1 2 q i P 2 mi + r i P mi + s i . The total costs can be expressed as C(P m ) = 1 2 P T m QP m + R T P m + 1 T n G S. Notice that the equality constraint in (9) implies a steady state frequency deviation of zero and that the solution to (9) satisfies
It is possible to explicitly characterize the solution to (9) and we do so in the following lemma.
Lemma 2 Let C(P m ) = 1 2 P T m QP m +R T P m +1 T n G S, with Q > 0 and diagonal. The solution P opt m to (9) must satisfy P opt m = Q −1 (θ − R), (11) where θ =
Proof: The Lagrangian function associated to optimization problem (9) is
where λ ∈ R is the Lagrange multiplier. Since C(P m ) is strictly convex, we have that L(P m , λ) is strictly convex in P m and concave in λ. Following standard literature on convex optimization, there exists a saddle point solution to max λ min Pm L(P m , λ), which corresponds to the solution to (9) . Applying first-order optimality conditions, the saddle point (P opt m , λ) satisfies
Identity (11) with θ = −1 n G λ, follows then from algebraic manipulations of (12) and by exploiting ∇C(P opt m ) = QP opt m + R. From (11) it is immediate to see that QP opt m + R = θ ∈ R(1 n G ), which implies that at the solution to (9) all marginal costs are identical. Notice that in the characterization of P opt m above, the actual value of P l is required, which is generally not available. We overcome this issue by designing distributed controllers that only require frequency measurements. This is in contrast to [4] , [5] , where, based on primal-dual gradient dynamics, measurements of the loads or the power flows are required. In order to achieve optimality, the controllers exchange information over a communication network, leading to the following assumption.
Assumption 3
The undirected graph reflecting the topology of information exchange among the controllers is connected.
Note that the topology of the communication network can differ from the topology of the power network. We are now ready to state the main contribution of this section, that is, the design of the control input u to (8) , such that the frequency deviation approaches zero and P m approaches the cost minimizing generation P opt m . Theorem 2 Consider system (2) with constant power demand P l and let Assumption 1 with P m = P opt m and Assumptions 2 and 3 hold. Let the turbine-governor dynamics at generator i ∈ V n G be given by
Then, the controllers at the nodes i ∈ V n G
guarantee the solutions of the closed-loop system that start in a neigborhood of (η, ω = 0, P opt m , φ = P opt m ) to converge asymptotically to the largest invariant set where ω i = 0 for all for i = 1, 2, . . . , n. The set of neighbors that exchange information with node i is denoted by N comm Gi . Furthermore, P mi approaches the optimal P opt mi characterized in Lemma 2.
Proof: For all nodes the turbine-governor dynamics and controller (13) are writen compactly as
where L comm denotes the Laplacian matrix associated to the communication graph. Consider the incremental storage function
where we exploited in the second equality, identity (10) and the fact that 0 = −Kφ + KP opt m − QL comm (Qφ + R). Notice that (14) is incrementally passive with respect to its steady state when we consider −ω G as the input and P m as the output.
We rewrite system (2) as (6) by eliminating ω L . Recall the incremental storage function U in Theorem 1, where we set P m = P opt m and ω G = 0. The storage function for the closed-loop system, Z = U + W , then satisfieṡ : ω G = 0, D L Γ(sin(η) − sin(η)) = 0, Qφ + R = Qφ + R + α1 n G , φ − P m = 0}, where α : R ≥0 → R is a function and φ = φ + αQ −1 1 n G follows from connectedness of the communication graph. On this invariant set the system iṡ
where we exploited P m = P opt m + αQ −1 1 n G . From the third line of (15) and since Q −1 1 n G has only positive elements, it follows thatα = 0. Exploiting additionally the identity
Premultiplying the second and third line of (16) with 1 T n we have
Since 1 T n D G D L = 0, 1 T n (P opt m − P l ) = 0 and Q −1 is a diagonal matrix with only positive elements, it follows that necessarily α = 0. One can conclude that the system indeed converges to the set where ω = 0 and P m = P opt m characterized in Lemma 2.
V. Case study
To demonstrate the performance of the proposed controllers we adopt the 6 bus system from [18] . Its topology is shown in Figure 1 . The relevant generator and load parameters are provided in Table 2 , whereas the transmission line parameters are provided in Table 3 .
The numerical values are slight modifications of the values provided in [18] and [20] . Every generator is equipped with the controller presented in Theorem 2. The communication links between the controllers are also depicted in Figure 1 . The system is initially at steady state with loads P l1 , P l2 and P l3 being 1.54, 1.62 and 1.50 pu respectively (assuming a base power of 100 MVA). After 10 seconds the loads are respectively increased to 1.62, 1.88 and 1.64 pu. From Figure 2 we can see how the controllers regulate the frequency deviation back to zero. The total generation is shared among the different generators such that the generation costs are minimized. The total generation costs after 40 seconds is for instance 107.7 · 10 2 $/h, which is lower than the total costs if all generators would generate the same amount (112.9 · 10 2 $/h). 
VI. Conclusions and future research
The results presented in this paper provide a coherent approach, based on an incremental passivity property of the power network, to design distributed controllers that regulate the frequency and achieve economic optimality. We adopted the well known structure preserving model of the power network from [17] and included first-order turbine-governor dynamics. An important feature of the designed distributed controllers is that each controller only needs to measure the local frequency deviation. No load measurements are required, increasing the practical applicability.
There exist a couple of interesting extensions to the presented work, in order to put frequency regulation of the interconnected power network and electricity market on a firm analytical basis [13] . The used incremental storage function is closely related to energy functions appearing in classic research on power network stability [21] , [22] . Exploiting this relation can provide guidelines on how more realistic models can be incorporated in the current setting. In this work we have exploited an incremental passivity property of the system in order to design the distributed controllers. It is interesting to see if other properties of the system, such as e.g. a finite incremental L 2 gain [23] , can provide further insights (e.g on incorporating a second order turbine-governor model [13] , [24] ). The inclusion of load control ( [5] , [24] ) and capacity constraints ( [3] , [5] ) will be considered in a future research as well.
